Timing observations of rapidly rotating neutron stars revealed a great number of glitches, observed both from canonical radio pulsars and magnetars. Among them, 76 glitches have shown exponential relaxation(s) with characteristic decay times ranging from several days to a few months, followed by a more gradual recovery. Glitches displaying exponential relaxation with single or multiple decay time constants are analysed in terms of a model based on the interaction of the vortex lines with the toroidal arrangement of flux tubes in the outer core of the neutron star. Model results agree with the observed timescales in general. Thus, the glitch phenomenon can be used to deduce valuable information about neutron star structure, in particular on the interior magnetic field configuration which is unaccessible from surface observations. One immediate conclusion is that the magnetar glitch data are best explained with a much cooler core and therefore require that direct Urca type fast cooling mechanisms should be effective for magnetars.
INTRODUCTION
Pulsars are rapidly rotating neutron stars which provide us with some of the most precise time measurer in the universe that rival the best atomic clocks. As timing observations indicate, pulsars slow down steadily as they lose rotational kinetic energy in the form of magnetic dipole radiation and particle winds (Lyne & Graham-Smith 2012) . As a consequence, once a pulsar's spin period P (or frequency ν = 1/P ) and rate of change of the spin period with timeṖ (or spin-down rateν = −Ṗ /P 2 ) are measured its rotational evolution can be predicted with high accuracy. Nevertheless, regular spin-down of pulsars in long term is observed to be punctuated by sudden spin-ups in their rotation rate Ω = 2πν, i.e. glitches, occasionally. Glitch events manifest in timing data as fractional changes in the rotation rate with ∆Ω/Ω ∼ 10 −11 − 10 −5 and are usually accompanied by jumps in the spin-down rate, ∆Ω/Ω ∼ 10 −4 − 10 −1 (Espinoza et al. 2011; Yu et al. 2013; Shabanova et al. 2013; Dib & Kaspi 2014) . Both of these changes tend to relax back to the original preglitch state fully or partially on timescales of the order of several days to a few years. The relaxation process includes initially prompt exponential decay and then a more gradual recovery with a constant second time deriva-⋆ email: egugercinoglu@gmail.com † email: egugercinoglu@sabanciuniv.edu tive of the angular rotation velocity,Ω. Glitches are seen from pulsars of all ages but the largest ones are predominantly observed in younger pulsars with characteristic ages between 10 3 and 10 5 years.
Glitch phenomena occur almost instantaneously, the best constrained 2000 Vela glitch had a rise time upper limit of only 40 seconds (Dodson et al. 2002) . While most canonical radio pulsar glitches (for exceptions see Archibald et al. (2016) and references in Akbal et al. (2015) ) are not followed by changes correlated with external torque variation (Espinoza et al. 2011; Yu et al. 2013) , magnetar glitches are accompanied by radiative changes and bursting activity (Dib & Kaspi 2014) . This fact indicates that glitches reflect angular momentum exchange between the observed crust and interior components of the neutron star. Glitches cannot be originated from the pulsar magnetosphere as this would require drastic and irreversible changes in the neutron star structure. For instance, large glitches would require significant plasma supply to produce glitch inducing instabilities so that a great portion of the magnetosphere can be blown away due to particle wind ejecta in this course and magnetospheric changes should bring about long-lived persistent changes in pulse shapes and spectra which are not observed (Pines et al. 1974 ). However, magnetosphere may take part in magnetar glitches which show fluctuations in spindown rate, indicative of external torque variation. For the case of glitches with external torque variation, the magnetospheric processes play an important role and contribute to postglitch relaxation along with the interior (superfluid) torques (Gügercinoglu & Alpar, in preparation 1 ). Following the first glitch Baym et al. (1969) correctly interpreted that the implied rapid angular momentum exchange and significantly slow postglitch recovery provides strong evidence for the existence of a interior superfluid component weakly coupled to the neutron star crust and the magnetosphere, since a star composed of normal matter should relax faster.
The origin of pulsar glitches remains controversial. Several mechanisms related to superfluid vortex dynamics were proposed to explain initiating a glitch, including crustquake induced unpinning (Alpar et al. 1996) , avalanches from high density vortex traps (Cheng et al. 1988 ), coupling of vortex oscillations to lattice phonons (Epstein & Baym 1992) , extra pinning barrier for vortices sustained by interaction of crustal magnetic field with flux tubes in the outer core (Sedrakian & Cordes 1999) , self-organised criticality and vortex proximity effects (Warszawski et al. 2012) . According to the pinning-unpinning model of Anderson & Itoh (1975) , the superfluid in the inner crust with quantized vortex lines acts as angular momentum reservoir driving the glitches. In the case of the array of vortex lines pin on the crystal lattice, they move rigidly with the crust and thus slow down, while the angular velocity of the superfluid does not change since it is solely determined by the number of vortices which remained fixed in this course. When the difference between the crustal and the superfluid angular velocities exceeds a critical value, vortices are liberated and consequently this leads to the transfer of their angular momentum to the crust, i.e. a glitch, rather rapidly. Between the glitches vortex lines slowly migrate outwards among adjacent pinning sites via thermal activation. Post-glitch relaxation occurs through reestablishment of this thermal creep conditions for the vortices depinned during a glitch (Alpar et al. 1984a) . Vortex line pinning to and creep against atomic nuclei in the crustal lattice picture has been confirmed by recent realistic numerical computations (Seveso et al. 2016; .
Short glitch rise times and long recovery duration provides us with a unique opportunity to investigate a number of physical processes, including the crust-core coupling (Abney et al. 1996; Newton et al. 2015) , redistribution of excess angular momentum within discrete internal layers (Howitt et al. 2016) , spin-up in neutral and charged superfluids (Easson 1979; Sourie et al. 2017) and constraining the properties of the bulk matter (van Eysden & Melatos 2010) and the equation of state (Datta & Alpar 1993; Link et al. 1999) . Furthermore, unhealed rotational parameters after successive glitches compared to the preglitch state may give rise to significant modifications in the dipole magnetic field estimates since B d ∝ (PṖ ) 1/2 (Lin & Zhang 2004) . In this paper by analysing the glitches displaying exponential relaxation it is shown that glitch phenomenon can be used to deduce valuable information about neutron star internal structure, in particular on the interior magnetic field configuration. To this end, a model incorporating glitch induced offset ∆Ωc and vortex line-flux tube creep process in the outer core of the neutron star is considered and its 1 Gügercinoglu & Alpar (2017) .
predictions are compared with the existing glitch data. Corresponding toroidal field region in the outer core as a whole decouples from the rest of the star during both at the time of glitch and post-glitch relaxation stage. This paper is organised as follows. In Section 2 we present the basics of the model describing the dynamic interaction between the vortex lines and the flux tubes and its response to a glitch. In Section 3 we confront the model predictions with the existing data on radio pulsar and magnetar glitches which showed exponential recovery. Finally, Section 4 presents a discussion of the results obtained in this paper.
THE MODEL: VORTEX CREEP ACROSS TOROIDAL FLUX TUBES
The vortex creep model (Alpar et al. 1984a ) explains both glitches and postglitch recovery in terms of moments of inertia and response times of the neutron superfluid permeating the lattice nuclei in the neutron star crust. The superfluid core of the star, which comprises the most of the moment of inertia, is coupled to the crust on rather short timescales (Alpar et al. 1984b ) and thus effectively included in the observed spindown of the normal matter crust and magnetosphere. In the absence of glitches, the crustal superfluid and rest of the star slow down at the same rate with a lag ω = Ωs − Ωc > 0 between the superfluid and the crustal angular velocities. The external torque due to magnetic dipole radiation maintains the required bias that drives an average vortex current radially outward from the rotation axis through consecutive pinning and unpinning by thermal activation. By this "vortex creep" superfluid couples to the normal matter and it allows the superfluid to spin down. If ω reaches a critical value ωcr, pinning forces can no longer sustain the lag and a sudden discharge of the pinned vortices takes place. As a result, the superfluid rotation rate decreases by δΩs and by angular momentum conservation the crust rotation rate increases by ∆Ωc, so that the lag changes by δω = δΩs + ∆Ωc at the time of the glitch. This glitch induced reduction in ω temporally stops the creep and post-glitch relaxation occurs as a process of establishment of pre-glitch creep conditions again. The observed spindown rateΩc after the glitches exhibits several distinct components with different moments of inertia and relaxation modes. Depending on the ratio of the pinning energy Ep to the internal temperature T and whether the system is close to the critical conditions for unpinning threshold, vortex creep can operate in linear or nonlinear regimes (Alpar et al. 1989 ). In the linear regime, the steady state lag ω∞ is much smaller than ωcr and contributes an exponentially relaxing term with moment of inertia I l to the postglitch response:
with a relaxation time,
where the distance R of the vortex lines from the rotational axis is approximately equal to the neutron star radius R * and v0 ≈ 10 7 cm/s is microscopic vortex velocity around nuclei (Alpar et al. 1984a; Gügercinoglu & Alpar 2016 ). In such a region no glitch induced vortex motion takes place and therefore δω = ∆Ωc. As can be seen from equation (2) τ l has a very strong dependence on the local pinning energy and internal temperature. By contrast, within a nonlinear creep regime ω∞ ∼ = ωcr and its contribution with moment of inertia I nl to the postglitch response is
with a nonlinear creep relaxation time
Nonlinear creep regions are responsible for glitches through vortex unpinning avalanches and creep restarts after a waiting time t0 = δω/|Ω| ≃ δΩs/|Ω|. In recent years the vortex creep model faced with a new theoretical constraint. Dripped superfluid neutrons in the inner crust are in Bloch states of the crust lattice. Bragg scattering of free superfluid neutrons from crystal nuclei results in a somewhat reduction of the superfluid flow. This can be taken into account as neutrons gained effective mass m * n that is larger than their bare mass mn (Chamel 2012) . This "mass entrainment" effect leaves only a fraction of the crustal superfluid to effectively store and exchange angular momentum with the normal matter (Chamel & Carter 2006; Andersson et al. 2012; Chamel 2013; Delsate et al. 2016) . Therefore, the actual amount of superfluid reservoir available for glitches is ∼ (mn/m * n )IsδΩs. As a consequence, total moments of the inertia of the creep regions participating in a glitch must be larger than that of estimated from the fractional change in the spin-down rate by a factor of mass enhancement factor: Icreep/I ∼ (m * n /mn)∆Ω/Ω. The required moments of inertia in components of the star with pinning/creep can then exceed the moment of inertia of the crustal superfluid alone for reasonable neutron star equations of state Chamel 2013; Delsate et al. 2016 ). This suggests the involvement of the core superfluid in glitches and postglitch relaxation. Gügercinoglu & Alpar (2014 have given the basis of how core superfluid could contribute to both glitches and postglitch relaxation.
In the core, protons are expected to form a type II superconductor with magnetic field is quantized into flux tubes. If present at all, type I superconductivity with an admixture of field free superconducting regions and magnetic normal matter domains exists near the centre of the star (Jones 2006) . When the core protons underwent transition into type II superconductivity, Meissner currents in the crust-core interface played a boundary condition for the coupled evolution of the magnetic field within the normal matter crust and superconducting core which is unknown currently (Jones 2004) . Spruit (1999) theoretically investigated the conditions under which magnetic fields inside stratified stars remained stable and found that the toroidal B φ to poloidal Bp field ratio should satisfy
where N is the buoyancy frequency of the stratified medium, ρ is density, l h is the horizontal length scale of the perturbations which can be as large as the stellar radius R * , and r is the cylindrical radial coordinate. For typical neutron star parameters Gügercinoglu & Alpar (2014) give the estimate
Braithwaite (2009) conducted numerical simulations for stable magnetic field configurations in main sequence and neutron stars by using the criterion given by equation (5) and thus equation (6) is expected to be in reasonable agreement with actual strength of the toroidal field component in canonical radio pulsars. As for magnetars, the prescription given by (6) presumably does not valid, see the discussions at the end of this section and also in section 3.2. The bulk of the core proton superconductor-neutron superfluid region is likely to carry a poloidal array of flux tubes and a toroidal arrangement of flux tubes is expected to reside inside a equatorial belt surrounding the poloidal field component (Braithwaite 2009; Gourgouliatos et al. 2013; Lander 2014) . The poloidal field strength is maximum at the stellar centre, while toroidal field component attains its largest value in the outer regions, at r 0.5R * . In the case of the poloidal arrangement of flux tubes, displacement of a flux tube with respect to a vortex line does not change the pinning energy when the corresponding structures are parallel to each other and vortex can find easy directions to pass through the flux tubes mesh (Konenkov & Geppert 2001; Sidery & Alpar 2009 ). This will make the effect of pinning and creep in the core dependent on the angle between the rotation and magnetic axes, which is highly variable among different pulsars. A toroidal arrangement of flux tubes, by contrast, provides a topologically unavoidable site for vortex pinning and creep, and can have similar conditions to those of the crustal lattice (Sidery & Alpar 2009; Gügercinoglu & Alpar 2014) .
For a conservative neutron star magnetic field configuration the toroidal field is maximum at r ∼ 0.8R * , confined within an equatorial belt of radial extension ∼ 0.1R * (Lander et al. 2012; Lander 2014) . The moment of inertia fraction controlled by vortex lines passing through the corresponding toroidal field region is estimated to be Itor/I 5 × 10 −2 (Gügercinoglu & Alpar 2014; Kantor & Gusakov 2014) . Depending on the radial extent of the toroidal field within the outer core, the moment of inertia of the associated region can be larger and accommodates the extra moment of inertia required by the mass entrainment effect (Gügercinoglu & Alpar 2014) .
For a laminar superfluid flow the toroidal field region has no appropriate structures to provide vortex traps (that is small scale and high vortex density regions under extreme conditions close to unpinning avalanche) that initiate glitches. This means there is no vortex unpinning and no glitch associated vortex motion occurs inside the toroidal field region. The creep rate is therefore only affected by the offset to the angular velocity of the crust, ∆Ωc, alone. In this case we obtain t0 = ∆Ωc |Ω| ≪ τtor. Then expanding equation (3) in t0/τtor ≪ 1 yields (Gügercinoglu & Alpar 2014) 
with the toroidal field region's relaxation time is determined 4 E. Gügercinoglu from equation (4) as
where m * p (mp) is effective (bare) mass of protons, xp is proton fraction of the neutron star core, and R is the radius of the location of the toroidal field region. This response of the nonlinear vortex creep against toroidal flux tubes to a glitch induced offset is of the same form as the linear creep response of inner crust superfluid, equation (1), but the nonlinear relaxation time is now given by equation (8), rather than equation (2).
Note that as argued by Gügercinoglu & Alpar (2016) superfluid instabilities related to turbulence and r-modes may lead to development of high density vortex regions that may trigger an avalanche responsible for the largest observed glitches with ∆Ωc/Ωc 10 −5 . Although being an interesting possibility, this is not considered in the present paper and left as a further study.
Vortex creep across toroidal flux tubes also affects the thermal evolution of the neutron stars. Superfluid friction with normal matter becomes a dominant heating mechanism, in particular for older neutron stars. Steady state heat generation rate due to vortex creep across toroidal flux tubes array is given bẏ (9) Note that the above heating rate is limited to the toroidal field region and does not represent the total volume average. Such an additional heating will become important especially in old systems where original internal thermal content is radiated away. In old millisecond pulsars due to reduced spindown rate and increased thermal coupling through equation (9) creep relaxation timescale (8) becomes longer as
. In some works absolute or perfect pinning of vortex lines to flux tubes was assumed (Link 2003; Glampedakis & Andersson 2011) . However, perfect pinning conditions do not realise in the neutron star core due to (i) thermal fluctuations as a result of nonzero temperature and radial bias arising from the external torque induced spin-down (Alpar et al. 1984a; Sidery & Alpar 2009), (ii) relative motion between the vortex lines and the flux tubes (Ruderman et al. 1998) , (iii) reduced pinning as a result of flux tube flexibility (Gügercinoglu & Alpar 2016 ).
Based on an idea put forward by Easson (1979) , Glampedakis & Lasky (2015) proposed that closed field line region where toroidal flux resides rotates faster than the rest of the star and will be pushed into the crust in order to ensure energy minimisation, thereby diminishing the toroidal field. However, Easson (1979) considered a nonsuperconducting quantum plasma for the neutron star core in his calculations and it is a well known fact that proton superconductor with embedded flux tubes achieve corotation with rest of the star at the expense of a tiny (London) magnetic field bL = (2mpc/e)Ω ∼ = 2 × 10 −2 (Ω/100 rad s −1 ) G (Sauls 1989) . Also stable stratification of neutron star matter resists magnetic flux transport between adjacent layers characterised with different chemical composition (Reisenegger 2009 ).
By using a quasi-linear relation between the surface poloidal field and the interior magnetic field, it has been argued that inside the magnetars flux tubes are so closely packed that superconductivity is destroyed (Sinha & Sedrakian 2015) . However, simple physical arguments show that since toroidal component surrounds poloidal field from the outer in the neutron star core, toroidal flux tubes are strongly twisted and impart some fraction of their magnetic energy to the poloidal component as the surface field is increased (Spruit 2009 ). Thus, toroidal field component weakens as compared to the poloidal component and it seems that toroidal field inside magnetars may reach values as low as one hundredth of the surface dipole field as recent simulations indicate (Fujisawa & Kisaka 2014) . A secular evidence for interior toroidal field component of magnitude B φ 10
15
G for magnetars comes from the neutrino emission rates (Suwa & Enoto 2014) . More exotic types of superconductivity may arise or superconductivity may break down deep inside the neutron star core where toroidal field region terminates (Alford & Good 2008) . Long term magnetic field evolution determines the presence and extent of the toroidal field region within the neutron star core. Following the formation of the neutron star the mixed magnetic field configuration with poloidal and toroidal components are inherited from progenitor star (Braithwaite 2009 ) and after the transition into superconducting state this field form is frozen into the neutron star plasma due to the enhanced electrical conductivity (Jones 2006) . Flux tubes move out as a result of diffusion processes, forces acting on them and secular interaction with vortex lines. Detailed calculations show that interior magnetic field does not decay appreciably until the crustal field is dissipated, i.e. about for 10 6−7 years (Jahan-Miri 2000; Elfritz et al. 2016) . As for field evolution in connection with the motion of vortex lines, Gügercinoglu & Alpar (2016) have shown that during creep process force exerted by a vortex line to flux tubes during successive encounters is negligible compared to buoyancy and other forces. Therefore, in glitching pulsars for which ages change in the range 10 3 −10 6 years toroidal field region remains in the outer core and will be stationary with respect to the crustal frame. So, the existence of the toroidal field region with vortex lines' creeping across flux tubes is a well established fact both for canonical radio pulsars and magnetars. Analysis of the vortex velocity around flux tubes tangle in the outer core shows that the vortex creep against flux tubes is always in the nonlinear regime (Gügercinoglu & Alpar 2016) and its response to a glitch is exponential relaxation with a timescale given by equation (8) (Gügercinoglu & Alpar 2014) . As will be shown in this paper the toroidal field region within which vortices creep through not only complements the extra moment of inertia necessity brought by mass entrainment effect but also fits both radio pulsar and magnetar post-glitch relaxation observations by giving exponential decay.
Postglitch exponential relaxation of radio pulsars and magnetars 5
APPLICATION TO THE POST-GLITCH RELAXATIONS OF THE RADIO PULSARS AND THE MAGNETARS
The time-dependence of the pulsar frequency after a glitch is generally well described by the following function (Wang et al. 2000) :
where ν0 is extrapolated frequency from the pre-glitch state, ∆νg = ∆ν d +∆νp is the total glitch magnitude in which ∆ν d decays exponentially with a time constant τ d and ∆νp is permanent or long term increase in pulse frequency while ∆νp is permanent change in the spin-down rate. Quite important quantity, the healing parameter Q = ∆ν d /∆νg quantifies the degree of relaxation towards pre-glitch conditions. In the two component glitch model (Baym et al. 1969) , the healing parameter is identified as ratio of the moment of inertia of the superfluid component to that of the charged normal matter of the neutron star, Q = Is/Ic. If there exists more than a single exponentially decaying component, their contributions to Q are evaluated separately. Q values have a bimodal distribution. When all the glitching pulsars are considered, it is found that there is a trend indicating high Q values for younger pulsars and low Q values for older ones (Yu et al. 2013) . The change in the spindown rate at the time of a glitch is given by the time derivative of the equation (10) 
Here
Upon comparing the fit function (11) with vortex creep across flux tubes model prediction equations (7) and (8) one arrives at three possibilities:
, then the relaxation of the toroidal field region is not completed yet and one can only say Itor/I 1 − Q.
(iii) If τtor ≪ τ d while glitch date uncertainty is large, then the prompt relaxation of the toroidal flux region is over and should simply be missed from the observations. In order to compare the toroidal field region's relaxation timescale given by equation (8) with the existing glitch data, a cooling law specifying the internal temperature is needed. For the modified Urca process Yakovlev et al. (2011) derived the following analytical fit assuming a nonsuperfluid neutron star model: 
where Φ(r) is the metric function quantifying the gravitational redshift, x = 2GM * /c 2 R * is the compactness of the star, M * is the mass of the neutron star, R6 = R * /10 6 cm and tage = ν/2 |ν| is characteristic (spindown) age of the pulsar. Throughout the computations a neutron star model with a radius R * = 12 km and mass M * = 1.6M⊙ is adopted. Then equation (12) 
Superfluidity affects the efficiency of neutrino emission, reduces the heat capacity of the star and thus brings about regulations in the cooling law through changing the coefficient in equations (12) and (13) while t −1/6 age behaviour is signature of the modified Urca process and does not depend on the superfluid properties. On the other hand, Aguilera et al. (2008) have shown that the available surface temperature measurements of neutron stars can be fitted by a model including the superfluid effects and the Joule heating with the following simple cooling law:
where Ts,6 is the surface temperature in units of 10 6 K, B14 is the surface dipolar magnetic field in units of 10 14 G and C ≃ 10 is a constant that depends on the thickness of the crust, ohmic decay timescale, and ratio of the internal field to the surface dipole component. Translating the surface temperature in equation (14) into internal temperature through the prescription of Gudmundsson et al. (1983) 
As for the effective mass of protons, Alpar et al. (1984b) have shown that the mass currents of two types of the superfluids in the neutron star core, the neutron superfluid and the proton superconductor, interact with each other and this results in a effective mass for protons slightly different from their bare mass. Effective to bare mass ratio is given by (Alpar et al. 1984b )
where ρp = ρ are the density of bare protons and protons entrained by neutrons, respectively. Borumand et al. (1996) have obtained analytically ρ pp s ≈ 2mpnp and ρ pn s ≈ −0.04mnnn within a factor of two. Here mn(mp) and nn(np) are mass and number densities of neutrons (protons). Since m * p /mp < 1, proton mass current is inversely directed with the neutron velocity field. Chamel (2008) has shown that effective to bare mass ratio for Douchin & Haensel (2001) and Akmal et al. (1998) equations of state changes in the range m * p /mp ≈ 0.9 − 0.4 throughout the entire core depending upon the nucleon-nucleon interactions which in turn depends on the density.
In the literature detailed analysis of 41 pulsars which exhibited 76 glitches with exponential decay have been published. Of these, 60 glitches observed with one exponentially decaying component while 14 glitches are found to have two exponential decay time constants. One of the most studied pulsars, the Vela pulsar has shown three distinct exponential transients in its 2 giant glitches. Glitch properties for radio pulsars are displayed in Table ( 1) while the ones for magnetars are shown in Table ( 2).
Results for Radio Pulsars
The model highlighted in the preceding section was successfully applied to the all giant glitches of the Vela pulsar values were obtained while for the peculiar glitch of PSR J1119-6127 τtor ≈ 50 days and Itor/I = 1.74 × 10 −1 were found. Now the model presented in Section 2 is applied to the whole sample of available data for radio pulsars which exhibited at least one exponentially decaying component in their glitches. To this purpose, equation (8) is evaluated for three models for which parameters used are listed below. The aim is to show how the toroidal field region's relaxation time changes with the employed equation of state and temperature profile adopted as well as the radial extent of the toroidal field region. Magnetic field strength is determined from the scaling of equation (6).
Model 1-Employed equation of state is Akmal et al. (1998) . Temperature evolution is chosen as given by equation (13). Microscopic parameters related to effective masses are taken from Chamel (2008) . Toroidal flux tubes are considered to located in a torus which is extending to R = 0.6R * . Then, ρ ≈ 8 × 10 14 g cm −3 , xp ≈ 0.1 and m * p /mp ≈ 0.4.
Model 2-Employed equation of state is Lattimer & Swesty (1991) . Temperature evolution is chosen as given by equation (13). Microscopic parameters related to effective masses are determined from the parametrization of Borumand et al. (1996) . The response of the toroidal field region is considered to be dominated by a site close to the crust-core interface, i.e. R = 0.9R * . Then, ρ ≈ 1.5 × 10 14 g cm −3 , xp ≈ 0.04 and m * p /mp ≈ 0.55. Model 3-Employed equation of state is Douchin & Haensel (2001) . Temperature evolution is chosen as given by equation (15). Microscopic parameters related to effective masses are taken from Chamel (2008) . The toroidal field is considered to reach its maximum intensity at a region with R = 0.8R * . Then, ρ ≈ 2.5 × 10 14 g cm −3 , xp ≈ 0.05 and m * p /mp ≈ 0.8. Results for the radio pulsars are shown in Table (1) . As can be seen from Table (1) equation (8) accounts for the majority of radio pulsar glitch observations quite well. For the group of pulsars PSR B0525+21, PSR J1141−6545, PSR B1727−47, PSR B1809−173, PSR B1838−04 and PSR J1853+0545 the toroidal field region's relaxation timescale given by equation (8) is substantially larger than the observed exponential decay times. But since for the corresponding group Q ∼ 0.01 − 0.1 and this can reflect the fact that for these glitches observations were interrupted before the relaxation towards preglitch conditions is eventually completed. This is consistent with the item (ii) in Section 3. For four exceptions, PSR J0205+6449 PSR J1112−6103, PSR J1420−6048 and PSR J1846−0258, the toroidal field region's relaxation time is considerably shorter than the observed decay timescales. As can be clearly seen from Table (1) the corresponding timescales, 4, 12, 7 and 6 days, respectively are shorter than the glitch date uncertainty and thus can simply be missed from observations as indicated by item (iii). Note that a putative glitch with such a short recovery timescale accompanying observed outburst may be responsible for the abrupt change in the braking index of PSR J1846-0258 reported by Archibald et al. (2015) . Table 1 . Radio pulsar glitches displaying postglitch exponential decay are confronted with the model. First column encodes pulsars' name, second column indicates their characteristic ages, third and fourth column gives surface dipole (at equator) and interior toroidal field strengths, respectively. While the parameters belonging to glitches, i.e. their date, magnitudes, jumps in the spin down rate and healing parameters are displayed in fifth, sixth, seventh and eight columns, respectively. The observed exponential decay timescales are shown in the ninth column while toroidal relaxation timescale for three different models are given in remaining tenth, eleventh and twelfth columns. Glitch data are taken from Manchester et al. (2005) and ATNF Glitch Table (http:www.atnf.csiro.au/people/pulsar/psrcat/glitchTbl.html).
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Results for Magnetars
Evaluation of the magnetar data requires a closer look at their specific features about magnetic field and internal temperature. As a result of magnetic field decay (Dall'Osso et al. 2012) , magnetars have much smaller spin down rates (Olausen & Kaspi 2014) 2 and larger surface temperatures (Thompson & Duncan 1996) compared to the canonical radio pulsars. Then, with the physical parameters chosen as in the previous subsection 3.1, equation (8) would imply relaxation times of the order of several thousands of days. However, magnetar case requires a more careful modelling of magnetic field and temperature evolution inside magnetars. As mentioned earlier in section 2, due to magnetic energy and helicity transfer from the toroidal component to the poloidal component (Spruit 2009 ), in magnetars toroidal field component may become as small as B φ 0.01Bp compared to somewhat lager dipole field (Fujisawa & Kisaka 2014 ) and equation (6) does not apply for this case. Given that for magnetar field strengths Hall drift and ambipolar diffusion driven magnetic field evolution becomes effective (Goldreich & Reisenegger 1992) , it is not an unreasonable approximation to take B φ ≈ 0.01Bp.
Even though magnetars have higher inferred surface temperatures compared to radio pulsars, they can harbour a cooler core. All neutron star surface temperature observations, including the members of Low Mass X-Ray Binaries (LMXBs) seems to be explained, at least quantitatively, by referring to more powerful direct Urca cooling inside neutron stars' core if a certain central mass density threshold is exceeded (Beznogov & Yakovlev 2015a,b) . Magnetic field decay is not a likely agent to affect the thermal content of the core for magnetars. It would be fair to assume that the magnetic field decay in the core of magnetars do not have enough energy to put the core out of the equilibrium owing to higher thermal conductivity and enhanced neutrino emission (Beloborodov & Li 2016) . Due to the isothermality considerations magnetic field assisted heating in the magnetar cores therefore can be safely neglected (Kaminker et al. 2006 (Kaminker et al. , 2009 . Then, the thermal state of the magnetars with high inferred surface temperatures can be explained by placing the unspecified heating source (presumably due to magnetic field decay) phenomenologically inside the neutron star crust or on the surface while keeping the core much cooler (Kaminker et al. 2014; Beloborodov & Li 2016) . The surface then does not feel the thermal state of the core, and the direct Urca process can operate inside the core with desired thermal equilibrium. So, magnetars can have colder cores with the direct Urca process as the dominant cooling agent if they are heated in the outer crust via a plausible mechanism. A fit for the internal temperature in the case of very powerful direct Urca process is (P. S. Shternin, private communication) Tint = 6.7 × 10 6 e −Φ(r) (1 − x)(1 + 0.04R K.
For Akmal et al. (1998) equation of state onset of the direct Urca process corresponds to a neutron star mass of MD 1.7M⊙ (Gusakov et al. 2005) . As recent population synthesis studies indicate (Ferrario & Wickramasinghe 2006) , progenitor stars of magnetars may be more massive than the canonical radio pulsars. Massive progenitor scenario for magnetars is further supported by dynamo activation for these stellar class (Obergaulinger et al. 2014) . Also, some theoretical works relates ultrastrong magnetic fields of magnetars to a transition into a magnetized core realised in a sufficiently massive neutron star (Bhattacharya & Soni 2007) . For a 1.8M⊙ mass neutron star Akmal et al. (1998) equation of state gives a stellar radius of R * = 11.3 km and if the toroidal field strength reaches its maximum at R = 0.8R * , then one obtains ρ ≈ 6 × 10 14 g cm −3 , xp ≈ 0.075 and m * p /mp ≈ 0.5.
Results for magnetars are shown in Table ( 2). For completeness, equation (8) is evaluated for Akmal et al. (1998) equation of state parameters cited above with two different cooling models: modified Urca process with equation (15) and powerful direct Urca process with equation (18). An inspection of Table ( 2) reveals that the magnetar data can be best explained by a neutron star model with a core cooling via direct Urca process. Note that two magnetars in Table (2), namely 1RXS J1708−4009 and 1E 1841−045 with ages tage 10 4 years, are younger than the other magnetars in the sample and have shorter relaxation times ∼ 10 days accordingly. In these younger magnetars it may happen B φ ≃ 0.1Bp as B φ /Bp ratio does not decrease appreciably at early ages in connection with the long term magnetic field evolution (Gourgouliatos et al. 2016) . Then, for 1RXS J1708−4009 and 1E 1841−045 the toroidal field region's relaxation time becomes 38 days and 30 days, respectively. After all that the agreement between the model predictions and the observed decay timescales improves.
DISCUSSION AND CONCLUSIONS
In this work, the response of vortex creep against toroidal flux tubes to a glitch is confronted with the existing glitch observations in the literature. The corresponding region's response to a glitch is exponential relaxation and depends on the pulsar's macroscopic traits like spindown rate, toroidal component of the magnetic field, internal temperature as well as microscopic properties determined by employed equation of state like density, proton's fraction and effective mass (Gügercinoglu & Alpar 2014) . There exists 41 pulsars exhibited in total 76 glitches with exponential decay. Upon employing two different cooling models and using relevant microphysical parameters from three equations of state, three relaxation timescales are obtained. Then, an examination on whether these timescales fit the observed decay timescales is realised. It is understood that the toroidal field region's relaxation gives consistent results with the observed timescales. Although the entire parameter space is not investigated, with one single expression, equation (8), one is able to fit glitch data both from canonical pulsars and magnetars satisfactorily in line with the items considered in section 3 which is a strong indicator of the applicability of the model presented in this paper. This fact alone shows that postglitch exponential relaxation is a powerful tool to probe into neutron star internal structure. One immediate conclusion is that magnetar observations are better fitted by a model with a much cooler interior, i.e. the dominant cooling mechanism is direct Urca process. Furthermore, glitch observations can be used to constrain the radial extent of the toroidal field region inside neutron stars (through Itor/I) which remains hidden to pulsar surface observations.
With the contribution to glitches by vortex pinning and creep in the neutron star core, toroidal field region provides the extra moment of inertia required by mass entrainment effect (Gügercinoglu & Alpar 2014 . In older pulsars, relaxation times calculated by equation (8) become substantially longer (Gügercinoglu & Alpar 2014) . In this case glitches would resemble step like permanent increments with no significant relaxation. Such a behaviour is indeed observed from the whole glitch data sample (Espinoza et al. 2011; Yu et al. 2013 ).
The toroidal field region's relaxation time given by equation (8) have some advantages compared to the linear creep relaxation time given by equation (2). First of all, equation (8) does not involve the uncertainties of the Ep estimate and ωcr while equation (2) have strong dependence on these somewhat less constrained parameters. Therefore, microphysical variables of equation (8) are more reliably constrained upon employing a given equation of state. Secondly, due to the very sensitive exponential dependence on Ep and T , in principle by using equation (2) it is possible to derive desired long decay timescales without obtaining stringent constraints about the neutron star physical structure. By contrast, equation (8) with adopting a magnetic field configuration and temperature profile gives an independent way to infer properties about equation of state of the neutron star matter. Nonetheless, the presence of linear creep regions' relaxation from some crustal superfluid regions in the timing data cannot be excluded (Gügercinoglu & Alpar 2016 ).
In the literature glitch magnitude was used as a promising way to constrain the crustal moment of inertia and in turn the equation of state of the neutron star (Datta & Alpar 1993; Link et al. 1999; Andersson et al. 2012; Delsate et al. 2016 ) but post-glitch relaxation is not considered for this purpose before. The novelty of the present paper is that the post-glitch exponential decay timescales can be used to deduce equation of state microphysical parameters and to determine the location of the crust-core interface.
Contrary to the dipole or poloidal field, the toroidal field component is always confined within the crust or outer core of a neutron star and therefore it is rather difficult to obtain stringent constraints about the exact magnetic field configuration. Neutron star surface cooling observations , deformation induced oscillations (Lander & Jones 2009 ) and precession (Wasserman 2003) , quasi-periodic oscillations (Gabler et al. 2013 ) and magnetar bursts (Perna & Pons 2011) provide indirect restrictions on the toroidal field strength and location. As shown in this paper for the first time, glitch observations in turn give a novel opportunity to infer toroidal field characteristics pertaining to superfluid/superconducting outer core, within the vortex creep model.
Vortex creep across toroidal flux tubes model has found a compelling support from a glitch in an old pulsar. Recently, Lyne et al. (2017) reported that ∼ 10 6 years old PSR J0611+1436 has undergone a Vela-like giant glitch with a quasi-exponential recovery timescale of about 12 years. Such a long decay time was never observed before from pulsars of any type and age. According to the model presented in this paper, as a pulsar ages response of the toroidal field region to a glitch is represented by a much longer exponential relaxation time and equation (8) with Model 1 in section 3.1 gives 9.4 years for PSR J0611+1436 parameters which fits approximately the observations. Moreover, Pintore et al. (2016) have analysed the data of transient magnetar XTE J1810−197 and shown that timing variability in quiescence can be accounted for an anti-glitch with an exponential decay timescale τ d = 51 ± 21 days. Equation (8) with direct Urca cooling model in Section 3.2 gives τtor = 45 days and able to explain observations.
